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FUNCTORIAL DESTACKIFICATION AND WEAK
FACTORIZATION OF ORBIFOLDS
DANIEL BERGH AND DAVID RYDH
Abstract. Let X be a smooth and tame stack with finite inertia. We
prove that there is a functorial sequence of blow-ups with smooth centers
after which the stabilizers ofX become abelian. Using this result, we can
extend the destackification results of the first author to any smooth tame
stack. We give applications to resolution of tame quotient singularities,
prime-to-ℓ alterations of singularities and weak factorization of Deligne–
Mumford stacks. We also extend the abelianization result to infinite
stabilizers in characteristic zero, generalizing earlier work of Reichstein–
Youssin.
1. Introduction
Before carefully stating our main results and discussing some applications,
let us first briefly recall the notion of destackification from [Ber17] and dis-
cuss it in a less formal setting. For simplicity, we fix a field k of arbitrary
characteristic and regard only separated, tame Deligne–Mumford stacks of
finite type over k in this first part of the introduction. A typical example
of such a stack would be the quotient stack [X/G] where G is a finite group
with order invertible in k, and X is a G-variety over k.
A modification of an algebraic space X is a proper birational morphism
X ′ → X of algebraic spaces, the typical example being a blow-up in a
nowhere dense closed subspace. Similarly, a stacky modification of a stack
X is a proper birational morphism X ′ → X of stacks. Since blow-ups are
local constructions, they make perfect sense also for algebraic stacks, but
there are also stacky modifications which are not representable. A typical
example of this is a root stack in a Cartier divisor D on X. By a stacky
blow-up, we will mean either an ordinary blow-up or a root stack in a divisor.
Under our assumptions, a stack X admits a canonical morphismX → Xcs
to its coarse space. This morphism is proper and initial in the category
of algebraic spaces under X. Recall that even if X is smooth, the same
need not hold true for Xcs — in general Xcs will have finite tame quotient
singularities. A destackification is a stacky modification X ′ → X such
that X ′cs is smooth. In particular, the induced morphism X
′
cs → Xcs is a
resolution of singularities.
We are primarily interested in destackifications with additional nice prop-
erties. Specifically, we ask our destackification X ′ → X to be the composi-
tion of a sequence
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(1.0.1) X ′ = Xn → · · · → X0 = X
of stacky blow-ups in smooth centers. We also desire the canonical morphism
X ′ → X ′cs to be as nice as possible. Recall that this morphism factors
canonically through the rigidification X ′ → X ′rig. The morphism X
′ →
X ′rig is a gerbe such that X
′
rig contains an open dense substack which is an
algebraic space. The destackifications we consider here have the additional
property that X ′rig → X
′
cs is an iterated root stack centered in a simple
normal crossings divisor.
Destackification is analogous to resolution of singularities by a sequence
of smooth blow-ups. Instead of removing stackiness via the singular coarse
space X → Xcs, we have a sequence of smooth stacky blow-ups and gerbes
as in the previous paragraph X ′cs ← X
′
rig ← X
′ → · · · → X. This helps us
reduce questions about smooth stacks to questions about smooth algebraic
spaces if we understand how the question is affected by stacky blow-ups in
smooth centers and rigidifications.
In [Ber17] a destackification as in (1.0.1) is shown to exist provided that
X has abelian stabilizers. This is not a severe restriction provided that
the base field k has characteristic zero. Indeed, assume for simplicity that
X is generically an algebraic space. A result by Reichstein–Youssin [RY00,
Theorem 4.1] implies that if the stacky locus is contained in a simple normal
crossings divisor, then the stabilizers are automatically abelian. Since we are
in characteristic zero, we can arrange for this to happen by using embedded
resolution of singularities. In positive characteristic, however, we do not
have resolution of singularities and the abelian result is too restrictive for
applications such as [BLS16].
Our first main result (Theorem A) in this article is that we can abelian-
ize the stabilizers without using embedded resolution of singularities. This
gives us a destackification theorem (Theorem B) which is more powerful
than the corresponding result [Ber17, Theorem 1.2]. In particular, it holds
in positive characteristic and in the relative setting. Our second main result
(Theorem C) is a generalization of the result by Reichstein–Youssin men-
tioned in the previous paragraph. This gives the structure of the stabilizers
of a smooth algebraic stack with stabilizers of arbitrary dimension, provided
that the stacky locus is contained in a simple normal crossings divisor.
As reflected in the title of this article, we also intended to include a
theorem on weak factorization of orbifolds, i.e., Deligne–Mumford stacks
which generically have trivial stabilizers, in characteristic zero. This result
is briefly mentioned in [Ber17] as Corollary 1.5. Since then, a stronger
result by Harper [Har17] on weak factorization of Deligne–Mumford stacks
based on destackification has appeared, which makes our result less relevant.
Instead of discussing our previous result further, we simply restate Harper’s
theorem as Theorem D. We also give a minor simplification of its proof. We
decided to keep the title since this article has existed as a draft for quite
some time which is already referenced by other work [BLS16, Kre18].
Main results. We will now make more detailed statements of our main
results. From now on, we will use the definitions of algebraic stacks and
algebraic spaces given in the stacks project [SP, Tag 026O, Tag 025Y]. In
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particular, we will not assume that our stacks are Deligne–Mumford stacks
and we will always state any separatedness conditions explicitly.
We will usually work with stacks relative an arbitrary base and it will
sometimes be convenient to let this base be an algebraic stack. To avoid
tedious repetitions, we encapsulate some of our standard assumptions in
the notion of a standard pair (X,D) over the base S. This is an algebraic
stack X which is smooth and of finite presentation over S, together with an
ordered simple normal crossings divisor on X (see Definition 3.1).
Our algebraic stacks will usually have finite inertia. Recall that this as-
sumption implies that the stack in question has a coarse space. Furthermore,
the stabilizers will usually be tame in the sense that they are finite linearly
reductive group schemes. An algebraic stack with finite inertia and tame sta-
bilizers is what is called a tame Artin stack by Abramovich–Olsson–Vistoli
in [AOV08]. As we occasionally work with more general stacks in this article
(Theorem C), we do not assume that our standard pairs are tame stacks as
in [Ber17, Definition 2.1].
Our first main theorem is a generalization of [Ber17, Theorem 1.1] to
the situation with arbitrary tame stabilizers. A more general formulation is
given as Theorem 6.6. See Section 3 for details on standard pairs, rigidifi-
cations, blow-up sequences and functoriality.
Theorem A (Divisorialification). Let S be an algebraic space and let (X,D)
be a standard pair over S. Assume that X has finite inertia, tame stabilizers
and relative dimension ≤ d over S. Then there exists a smooth ordinary
blow-up sequence
Π: (Y,E) = (Xn,Dn)→ · · · → (X0,D0) = (X,D)
with n ≤ d, such that Y admits a rigidification r : Y → Yrig and the geomet-
ric stabilizers of Yrig are diagonalizable and trivial outside r(E).
The construction is functorial with respect to arbitrary base change S′ →
S and with respect to smooth morphisms X ′ → X which are either stabilizer
preserving or tame gerbes.
As a consequence of Theorem A, we get the following stronger version of
[Ber17, Theorem 1.2]. A more general formulation is given as Theorem 7.1.
See Section 3 for details on standard pairs, rigidifications, root stacks, stacky
blow-up sequences and functoriality.
Theorem B (Destackification). Let S be a quasi-compact algebraic space
and let (X,D) be a standard pair over S. Assume that X has finite inertia
and tame stabilizers. Then there exists a smooth stacky blow-up sequence
(1.0.2) Π: (Y,E) = (Xn,Dn)→ · · · → (X0,D0) = (X,D)
such that the coarse space (Ycs, Ecs) is a standard pair over S. Moreover, the
stack Y admits a rigidification Y → Yrig such that the canonical morphism
Yrig → Ycs is an iterated root stack in Ecs.
The construction is functorial with respect to arbitrary base change S′ →
S and with respect to smooth morphisms X ′ → X which are either stabilizer
preserving or tame gerbes.
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Amplifications to destackification. There are three important amplifi-
cations of the destackification theorem.
Remark (1.1). (Restricted root operations) — Kresch [Kre18] has recently
proven the following strengthening. Let S and (X,D) be as in Theorem B.
Furthermore, let p be a prime and assume that p does not divide the order
of the stabilizer at any point of X. Then a modification of the construction
in Theorem B yields a stacky blow-up sequence in which all root stacks
have order prime to p. In particular, if S is a field of characteristic p and
we start with a tame Deligne–Mumford stack X, then all the stacks Xi are
tame Deligne–Mumford stacks. The modified construction enjoys the same
functorial properties as the construction in Theorem B.
Remark (1.2). (Relative destackification) — In Theorem 7.1 we formulate a
relative version of the destackification theorem. Instead of removing all the
stackiness of X, we only remove the stackiness relative to an arbitrary target
stack T . The end result is thus a stack Ycs/T which is representable over T .
This amplification was inspired by Harper’s proof of weak factorization for
Deligne–Mumford stacks, see [Har17, Corollary 3.19.1].
Remark (1.3). (Projectivity) — A stacky blow-up is projective [Kre09] in
the sense that it is a relative global quotient stack with a projective relative
coarse space. To be precise, if Π: (Y,E) = (Xn,Dn) → · · · → (X0,D0) =
(X,D) is a stacky blow-up sequence and E1, E2, . . . , En ⊆ Y are the excep-
tional divisors of Π, then the induced morphism Y → BGnm × X is repre-
sentable and there are positive integers N1 ≫ N2 ≫ · · · ≫ Nn such that the
line bundleO(N1E1+N2E2+· · ·+NnEn) descends to a relatively ample line
bundle on the relative coarse space Ycs/X . It follows that Ycs → Xcs is pro-
jective (if S is quasi-separated). In fact one can show that each morphism
Xi+1,cs → Xi,cs is a blow-up.
Stabilizers of positive dimension. Although not needed to prove the
theorems above, similar methods give the following theorem of independent
interest, generalizing [RY00, Theorem 4.1].
Theorem C. Let (X,D) be a standard pair over Speck for an arbitrary
field k. Assume that X has separated diagonal and that XrD is an algebraic
space. Let x : SpecK → X be a geometric point in |D|. Then the stabilizer
of x is a semi-direct product U ⋊ ∆ where ∆ is diagonalizable and U is
unipotent. Furthermore, if n components of D passes through x, then the
induced representation ∆→ Gnm is faithful.
Weak factorization. Relative destackification reduces the problem of weak
factorization of birational morphisms of smooth Deligne–Mumford stacks to
weak factorization of representable birational morphisms, which is proven
by Abramovich–Karu–Matsuki–W lodarczyk [AKMW02]. See [Har17, §5] for
details. Note that the relative formulation of the destackification theorem
given in Theorem 7.1 simplifies Step III of Harper’s proof.
Theorem D (Harper [Har17, Theorem 1.1]). Let ϕ : Y 99K X be a proper
birational map of smooth, separated Deligne–Mumford stacks of finite type
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over a field k of characteristic zero. Let U ⊂ X be an open substack over
which ϕ is an isomorphism. Then ϕ factors as a sequence
(1.3.1) Y = Xn
ϕn
99K · · ·
ϕ1
99K X0 =: X
of proper birational maps ϕi satisfying the following properties:
(i) either ϕi or ϕ
−1
i is a stacky blow-up centered in a smooth locus;
(ii) each ϕi is an isomorphism over U ;
(iii) if the exceptional loci Di := Xi r U are simple normal crossing
divisors for i = 0, n, then the same holds true for all i, and all
stacky blow-ups have centers which have normal crossings with the
respective Di.
(iv) there is an integer n0 such that Xi 99K X is everywhere defined
whenever i ≤ n0 and Xi 99K Y is everywhere defined whenever
i ≥ n0;
For further remarks on the various versions of weak factorization of Deligne–
Mumford stacks, see [Ber18, Remark 1.3 and Remark 1.4].
Applications to resolutions of singularities. Finally we list some im-
portant applications to resolution of singularities which easily follow from
the destackification theorem.
The first result is on resolution of tame quotient singularities. Let k be
a perfect field, and let X be an integral scheme over k. We say that X has
finite tame quotient singularities if e´tale-locally on X, there exists a finite
linearly reductive group scheme G over k and G-scheme U , smooth over k,
such that X = U/G.
Theorem E (Resolution of tame quotient singularities). Let k be a perfect
field and let X be a variety over k with finite tame quotient singularities.
Then there exists a sequence of blow-ups
X ′ = Xn → Xn−1 → · · · → X1 → X0 = X
such that X ′/k is smooth. Moreover, this sequence is functorial with respect
to field extensions and smooth morphisms X ′ → X.
Proof. By a result by Satriano [Sat12, Theorem 1.10], the variety X admits
a (unique) canonical stack Xcan → X. That is, there is a smooth tame stack
Xcan with coarse space X such that the canonical morphism Xcan → X
is an isomorphism over an open subvariety U ⊂ X such that X r U has
codimension ≥ 2. The theorem now follows by applying destackification
(Theorem B) to Xcan. 
A result similar to Theorem E has been obtained independently by Buon-
erba without the use of destackification [Buo15]. Buonerba only considers
varieties with quotient singularities that are tame and e´tale.
Combining destackification with de Jong’s theory of alterations [dJ96,
dJ97], we easily recover two other results on resolution of singularities. Re-
call that a morphism π : X ′ → X of integral schemes is called an alter-
ation if it is proper and generically finite. Furthermore, if G is a finite
group and X ′ is a G-scheme over X, we say that (X ′, G) is a Galois alter-
ation (cf. [dJ97, Situation 5.3]) if the naturally defined group homomorphism
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from G to the Galois group Gal(K(X ′)/K(X)) is an isomorphism, that is,
if K(X ′)G/K(X) is purely inseparable. We formulate a version of a result
by de Jong suited to our needs.
Theorem (1.4) (de Jong [dJ97, Corollary 5.15]). Let X be an integral
scheme of finite type over a field, and let Z ( X be a closed subset. Then
there exists a Galois alteration (X ′, G) of X such that X ′ is regular and the
inverse image of Z in [X ′/G] is the support of a simple normal crossings
divisor.
The following theorem is of course just a special case of Hironaka’s fa-
mous result — the interesting point is that the proof is by entirely different
methods.
Theorem F (Abramovich–de Jong [AdJ97]). Let X be an integral scheme
of finite type over a field k of characteristic zero, and let Z ( X be a closed
subset. Then there exists a modification π : X ′ → X such that X ′ is smooth
and the inverse image of Z is the support of a simple normal crossings
divisor.
Proof. Find a Galois alteration as in Theorem 1.4. Since we assume that the
characteristic is zero, the stack quotient [X ′/G] is automatically smooth and
tame, andX ′/G is a modification ofX. The result follows by destackification
(Theorem B) of the standard pair ([X ′/G],D), whereD is the simple normal
crossings divisor whose support is the inverse image of Z in [X ′/G]. 
Theorem G (Gabber 2005 [ILO14, Expose´ X, Theorem 2.1]). Let X be
an integral scheme of finite type over a field k, and let Z ( X be a closed
subset. Let ℓ 6= char k be a prime number. Then there exists an alteration
π : X ′ → X of degree prime to ℓ such that X ′ is regular and π−1(Z) is the
support of a simple normal crossings divisor. Moreover, X ′ is smooth over
a finite purely inseparable field extension k′/k.
Proof. Assume first that k is perfect. Find a Galois alteration as in Theo-
rem 1.4, and let H be an ℓ-Sylow subgroup of G. Then the stack [X ′/H]
is smooth and tame, and X ′/H → X is an ℓ′-alteration, i.e., the degree is
prime to ℓ. The result follows by destackification (Theorem B) of the stan-
dard pair ([X ′/H],D), where D is the simple normal crossings divisor whose
support is the inverse image of Z in [X ′/H]. For general k, we first find an
alteration of
(
X×kSpeck
perf
)
red
with the desired properties. This alteration
is defined over some finite purely inseparable field extension k′/k. 
The original proofs of Theorem F and Theorem G by Abramovich–de Jong
and Gabber, respectively, are along the same lines as the proofs presented
here. But instead of using destackification, the finite quotient singularities
are resolved by first replacing X ′ by a suitable blow-up such that G (resp.
H) acts toroidally on X ′. Then X ′/G becomes toroidal and the singularities
can be resolved using [KKMSD73].
Recently, Temkin has improved Gabber’s prime-to-ℓ alterations theorem
and obtained p-alterations [Tem17]. It would be interesting to find a proof
of this using stacks, cf. Remark 8.3.
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Outline. In Section 2 we give some preliminaries on gerbes, coarsenings and
rigidifications. In Section 3, we define standard pairs and recall the notion
of stacky blow-ups from [Ber17]. In Section 4 we give charts for smooth
tame stacks: e´tale-locally such a stack is simply a linear representation of a
tame group scheme. In Section 5 we define our main technical invariant: the
codimension of stackiness. We give a flexible definition via the cotangent
complex. In the case of a linear representation it is the dimension of the
non-trivial subspace of the representation. It is also indeed exactly the
codimension of the locus of maximal stabilizer.
In Section 6 we introduce our main invariant, the divisorial index, via codi-
mension of stackiness. We then prove divisorialification, Theorem A/6.6. In
Section 7, we combine Theorem A with destackification for stacks with di-
agonalizable stabilizers [Ber17] and prove destackification, Theorem B/7.1.
In Section 8 we prove Theorem C on the structure of stabilizers when the
stackiness is contained in a simple normal crossings divisor.
There are also two appendices on tame gerbes. In Appendix A, we show
that every quasi-coherent sheaf on a tame gerbe splits canonically as a direct
sum of a sheaf with trivial action and a sheaf with purely non-trivial action.
We also give a similar result for complexes. In Appendix B we prove that the
class of the cotangent complex LBG/k in the Grothendieck group K0(BG) is
zero when G/k is tame and k is algebraically closed.
Acknowledgments. The first author was supported by the Danish Na-
tional Research Foundation through the Centre for Symmetry and Deforma-
tion (DNRF92). The second author was supported by the Swedish Research
Council (2011-5599 and 2015-05554).
2. Preliminaries on stacks
2.1. Inertia. The relative inertia stack IX/S of a morphism between alge-
braic stacks X → S is defined as the pull-back of the diagonal ∆: X →
X×SX along itself. The stack IX/S has a natural structure of group object
over X and this group is trivial if and only if the structure morphism X → S
is representable by algebraic spaces. A composition X → Y → S gives rise
to an exact sequence of groups:
(2.0.1) 1→ IX/Y → IX/S → f
∗IY/S
We say that X → Y is stabilizer preserving or inert over S if IX/S → f
∗IY/S
is an isomorphism.
2.2. Coarse spaces. An algebraic stack X with finite inertia IX admits
a coarse (moduli) space π : X → Xcs, which is initial among morphisms
to algebraic spaces [KM97, Ryd13]. Since the formation of coarse spaces
respects flat base change, this generalizes to the relative setting as follows.
If X → S is a morphism of algebraic stacks with finite relative inertia IX/S ,
then it factors canonically through its relative coarse space X → Xcs/S → S.
The morphism Xcs/S → S is representable and the factorization is initial
among factorizations X → Y → S with Y → S representable.
When Y is a tame stack, a smooth morphism X → Y is stabilizer pre-
serving over S if and only if Xcs → Ycs is smooth and X = Xcs ×Ycs Y ,
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see [Ryd13, Proposition 6.7] for the e´tale case and [Ryd15] for the smooth
case. Tameness is not needed in the e´tale case but necessary in the smooth
case.
2.3. Gerbes. An fppf gerbe is a morphism π : X → S between stacks such
that for any S-scheme T the following holds: (1) there exists a section fppf-
locally on T and (2) two sections over T are isomorphic fppf-locally on T .
Equivalently, π and ∆pi are epimorphisms of fppf stacks. If X and S are
algebraic stacks, then π is smooth and ∆pi is faithfully flat and locally of
finite presentation.
Every stack X is an fppf gerbe over its associated space π0(X): the fppf
sheafification of the associated presheaf of sets T 7→ π0
(
X(T )
)
. If X is an
algebraic stack, then π0(X) is an algebraic space if and only if the inertia
IX → X is flat and locally of finite presentation. An (absolute) gerbe is an
algebraic stack X such that IX → X is flat and locally of finite presentation.
2.4. Rigidifications. Let X → S be a morphism of algebraic stacks. By a
(partial) rigidification of X over S, we mean a factorization X → X ′ → S
such that the first morphism is a gerbe. Such factorizations are in one to
one correspondence with subgroups K of the relative inertia IX/S which are
flat and locally of finite presentation [AOV08, Appendix A]. Moreover, the
2-category of rigidifications of X is equivalent to the partially ordered set of
flat subgroups.
We will only be interested in the case when both K and IX/S are finite,
in which case we have a factorization X → X ′ → Xcs/S . If there is a final
object among rigidifications, then we will call it the total rigidification and
denote it Xrig/S . The total rigidification of X over S exists when X is
normal and irreducible and Deligne–Mumford over S: it corresponds to the
union Igen
X/S
of the irreducible components of IX/S that dominate X. Note
that IgenX/S → X is e´tale because it is unramified and X is normal [EGAIV,
Corollaire 18.10.3]. If X → X ′ → S is a rigidification of stacks with finite
inertia over S such that X ′ → S is representable over a schematically dense
open substack U ′ ⊆ X ′, then X ′ = Xrig/S . Indeed, then IX′/S ×X′ X is the
closure of IX/S |U ′×X′X in IX/S and this is the largest flat subgroup.
2.5. Coarsenings. Amorphism f : X → Y is called a coarsening morphism
if f is a universal homeomorphism with finite diagonal such that f∗OX =
OY . We also say that Y is a (partial) coarsening of X. Rigidifications
X → X ′ with finite inertia and coarse space maps X → Xcs/S are examples
of coarsenings [Ryd13, Theorem 6.12].
The 2-category of coarsenings of X is equivalent to a partially ordered
set with initial object X and final object Xcs [ATW17, §2]. Not every
coarsening corresponds to a subgroup of inertia. There is an example of a
coarsening morphism X → Y , with X a wild Deligne–Mumford stack and
Y an algebraic stack with finite inertia but not Deligne–Mumford, such that
IX/Y = 0 [RRZ18, §4.5]. But coarsening morphisms X → Y such that Y
is Deligne–Mumford with finite inertia is in one-to-one correspondence with
open and closed subgroups of the inertia stack of IX [ATW17, Appendix].
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The canonical factorization X → Xcs/S → S is not only initial among fac-
torizations where the second map is representable but also final among fac-
torizations where the first map is a coarsening morphism. That is, coarsening
morphisms and representable morphisms constitute an orthogonal factoriza-
tion system in the appropriate 2-categorical sense. In particular, X → S is
a coarsening morphism if and only if Xcs/S = S.
3. Stacky blow-up sequences
In this section, we recall the notions of standard pairs and stacky blow-up
sequences from [Ber17, Section 2].
Definition (3.1) (Simple normal crossings divisor). Let π : X → S be a
smooth morphism of algebraic stacks.
(i) A family {Di →֒ X}i∈I of closed immersions is called a labeled
simple normal crossings divisor on X over S provided that
⋂
j∈J D
j
is smooth of codimension |J | over S for every finite subset J ⊆ I.
(ii) If, in addition, the indexing set I is endowed with a well-ordering,
we say that {Di →֒ X}i∈I is an ordered simple normal crossings
divisor on X over S.
(iii) The underlying divisor of a labeled or ordered simple normal cross-
ings divisor {Di →֒ X}i∈I , with locally finite indexing set, is the
closed substack D =
⋃
i∈I D
i.
(iv) A simple normal crossings divisor D on X relative S is a closed
substack ofX which is the underlying divisor of some labeled simple
normal crossings divisor.
(v) A closed substack Z →֒ X has normal crossings with a given labeled
simple normal crossings divisor {Di →֒ X}i∈I provided that its
intersection with
⋂
j∈J D
j is smooth over S for each finite subset
J ⊆ I.
By abuse of notation, we usually denote a labeled or ordered simple normal
crossings divisor simply by D.
In this article, we will only consider ordered simple normal crossings di-
visors with finite indexing sets.
Remark (3.2). Let D = {Di →֒ X}i∈I be a labeled simple normal crossings
divisor on X relative S as in the definition above. Then it is clear that each
Di →֒ X is a smooth relative effective Cartier divisor on X over S, and Z is
smooth over S if it has normal crossings with D. The condition that Z has
normal crossings with D only depends on the underlying divisor of D, so
the notion also makes sense for unlabeled simple normal crossings divisors.
Remark (3.3). Note that we allow the divisors Di to be empty or to have
multiple connected components. This feature is crucial to obtain the right
functoriality properties for our algorithms.
Remark (3.4). Let π : X → S be a morphism of algebraic stacks, and let
D = {Di →֒ X}ni=1 be a sequence of effective Cartier divisors on X. Then
we get an induced sequence {OX → OX(D
i)}ni=1 of line bundles together
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with global sections. Such a datum corresponds to a morphism
(3.4.1) δD/S : X → [A
n
S/G
n
m]
over S. Note that D has simple normal crossings relative S if and only if
the morphism δD/S is smooth.
Definition (3.5) (Standard pair). Let S be an algebraic stack. A standard
pair (X,D) is a pair where X is an algebraic stack that is smooth and
of finite presentation over S and D is an ordered simple normal crossings
divisor on X relative S indexed by a finite set.
In the rest of the section we describe our conventions on how standard
pairs transform under certain operations. We fix an algebraic stack S and
a standard pair (X,D) over S, with D = {Di →֒ X}i∈I .
3.1. Base change of standard pairs. There is an obvious notion of base
change of (X,D) along a morphism S′ → S of algebraic stacks. This is the
standard pair (XS′ ,DS′) over S
′ where XS′ = X ×S S
′, DiS′ = D
i ×S S
′
and DS′ = {D
i
S′ →֒ XS}i∈I . Similarly, we may base change along a smooth
morphism X ′ → X and obtain a standard pair (X ′,D′) over S with D′ =
{DiX′ →֒ X
′}i∈I .
3.2. Coarsenings of standard pairs. Given a morphism X → T over S
such that IX/T is finite, we may form the pair (Xcs/T ,Dcs/T ) over S, where
we take Dcs/T = {D
i
cs/T →֒ Xcs/T }i∈I with D
i
cs/T →֒ Xcs/T the schematic
image of Di →֒ X in Xcs/T . The pair (Xcs/T ,Dcs/T ) is of course usually
not a standard pair — the whole point with destackification being to try to
reach a situation where it is. If the fibers of IX/T are tame, then at least
the pair (Xcs/T ,Dcs/T ) has some good properties:
(i) Xcs/T is flat and of finite presentation over S;
(ii) Dics/T is the relative coarse space of D
i → T ;
(iii) Dics/T →֒ Xcs/T is a flat family of Q-Cartier divisors over S.
These are easy consequences of the definitions, [AOV08, Theorem 3.2, Corol-
lary 3.3] and [Ols12, Proposition 6.1]. Note that without the tameness hy-
pothesis, none of these properties hold in general.
3.3. Rigidifications of standard pairs. Now let X → T be a morphism
over S and assume that a total rigidification π : X → Xrig/T , as in Sec-
tion 2.4, exists. In particular, the morphism π is a coarsening, so we get an
induced pair, which we denote by (Xrig/T ,Drig/T ), as in the previous sub-
section. This is always a standard pair over S, even if the relative inertia of
π is not tame. This follows from the facts that gerbes are faithfully flat (in
fact, even smooth) and that Di = π−1(Dirig/T ).
Warning (3.6). Note our slightly misleading abuse of notation: the canon-
ical morphism Di → Dirig/T is typically only a partial rigidification and not
the total rigidification.
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3.4. Blow-ups of standard pairs. As blow-ups are local constructions,
they make sense also for algebraic stacks. Given our standard pair (X,D),
we will only consider blow-ups in (smooth) centers Z that have normal
crossings with D. This produces a new standard pair (X˜, D˜). Here D˜ =
{D˜i →֒ X˜}i∈I+ , where I
+ is I with an extra element + appended, D˜+ is
the exceptional divisor of the blow-up and D˜i is the strict transform of Di
for every i ∈ I. We call (X˜, D˜) the transform of the blow-up centered in Z.
3.5. Root stacks. Root stacks were first studied systematically by Cad-
man [Cad07, §2] and play a vital role in the destackification process. Given
an algebraic stack Y and an effective Cartier divisor E on Y , the root stack
Y˜ → Y of order r is obtained by formally adjoining an rth root E˜ of E. We
say that the pair (E, r) is the center of the root stack.
We will only consider root stacks centered in one of the divisors Dj of
our standard pair (X,D). The construction produces a new standard pair
(X˜, D˜). Here we define D˜ as {D˜i →֒ X˜}i∈I with D˜
j being the rth root of
Dj and D˜i = Di ×X X˜ for i 6= j. Note that the morphism X˜ → X is a
coarsening and that (X,D) coincides with the standard pair (X˜cs/X , D˜cs/X)
as defined in Section 3.2. We call (X˜, D˜) the transform of the root stack
centered in Z = (Dj , r). By a stacky blow-up of a standard pair we mean
either a root stack or an ordinary blow-up as described in Section 3.4.
Remark (3.7). A natural way to combine blow-ups and root stacks is to
first blow-up a closed substack Z ⊂ X and then take the rth root stack
of the exceptional divisor E. This is called a stacky blow-up with center
(Z, r) in [Ryd09]. When r = 1, this is an ordinary blow-up and when Z is
a divisor, this is a root stack. If I is the ideal sheaf defining Z, then the
stacky blow-up with center (Z, r) equals the stacky Proj of the generalized
Rees algebra
⊕
d≥0 I
⌈d/r⌉. Note however that this point of view is not quite
compatible with the conventions for transforms of standard pairs for root
stacks used in this article.
3.6. Stacky blow-up sequences. A stacky blow-up sequence starting at
(X,D) is a sequence
Π: (Xn,Dn)
pin−→ · · ·
pi1−→ (X0,D0) = (X,D)
of smooth stacky blow-ups in centers (Zi, ri), where (Xi+1,Di+1) denotes
the transform of (Xi,Di). We consider the centers of the stacky blow-ups to
be part of the datum. Two such sequences are considered the same if they
only differ by insertion or deletion of stacky blow-ups with empty centers.
If all stacky blow-ups in the sequence are in fact ordinary blow-ups, we say
that Π is an ordinary blow-up sequence.
Just as for standard pairs there are obvious notions of base change of a
stacky blow-up sequences starting at (X,D). As before, we can consider two
cases: base change along an arbitrary morphism S′ → S and base change
along a smooth morphism X ′ → X.
Consider a construction which to each algebraic stack S and each standard
pair (X,D) over S associates a blow-up sequence Π starting at (X,D). We
say that the construction is functorial with respect to a base change S′ → S
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if the blow-up sequence obtained by applying the construction to (XS′ ,DS′)
equals the base change of Π along S′ → S. We say that the construction
is functorial with respect to a smooth morphism X ′ → X if the blow-up
sequence obtained by applying the construction to (X ′,D′) equals the base
change of Π along X ′ → X.
4. Charts for smooth tame stacks
In this section we generalize the local charts of [Ber17, Proposition 5.3]
from stacks with diagonalizable stabilizers to stacks with finite linearly re-
ductive stabilizers.
Let G→ S be a group scheme. A linear action of G on AnS is equivalent to
giving a rank n vector bundle E on BGS together with a trivialization of s
∗E
where s denotes the tautological section S → BGS . This equivalence is given
by [AnS/G] = VBG(E). If G is tame, then E = Et⊕Ent (Theorem A.2) and the
G-fixed locus of AnS is VS(Et) which is smooth of codimension rk Ent. The
conormal bundle of the fixed locus is s∗Ent. That a coordinate hyperplane
{xi = 0} is G-invariant means that E has a corresponding rank 1 direct
summand.
Theorem (4.1). Let X be an algebraic stack with finite tame inertia and
smooth over a scheme S. Let x ∈ |X| be a point and s ∈ |S| its image. If
κ(x)/κ(s) is finite and separable, then there exists a commutative diagram
([AnS′/G], 0)

(W,w)
q
oo
p
// (X,x)

(S′, s′) // (S, s)
where the horizontal morphisms are e´tale and stabilizer preserving and G→
S′ is a finite locally free tame group scheme acting linearly on AnS′. If in
addition D =
∑
iD
i is a divisor on X with simple normal crossings over
S (Definition 3.1), such that x ∈ Di for all i, then it can be arranged that
Ei = {xi = 0} ⊂ A
n
S′ is G-invariant and q
−1(Ei) = p−1(Di).
Proof. Since the structure morphism Gx → Specκ(x) of the residual gerbe is
smooth, we can find a finite separable extension k/κ(x) such that Gx(k) 6= ∅.
After replacing (S, s) with an e´tale neighborhood, we can thus assume that
k = κ(x) = κ(s) and Gx = BGx where Gx → Speck is a finite tame
group scheme. After replacing (S, s) with an e´tale neighborhood, we may
assume that Gx is the restriction of a finite locally free tame group scheme
G → S [AOV08, Proposition 2.18]. We can also assume that S is affine.
E´tale-locally on the coarse space Xcs, we may then write X = [U/G] for
an affine scheme U over S [AOV08, Proposition 3.6] (follow Step 1, but in
the the first paragraph use the tame group scheme given as the pull-back of
G→ S to Xcs).
Next, we consider the conormal bundle Es := NGx/Xs = m/m
2 of the closed
immersion i : Gx →֒ Xs. This is a locally free sheaf of rank n = dimXs on
BGx. If D =
∑m
i=1D
i is a divisor with simple normal crossings and every
component passes through x, then we let Ls,i = i
∗NDi/X — a locally free
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sheaf of rank 1. This gives rise to a splitting
Es = Ls,1 ⊕ · · · ⊕ Ls,m ⊕ E
′
s
where E ′s = NGx/∩i(Di)s . By Lemma A.5, we may lift these vector bundles
to BG, after replacing (S, s) with an e´tale neighborhood, obtaining a locally
free sheaf of rank n
E = L1 ⊕ · · · ⊕ Lm ⊕ E
′
on BG. Equivalently, we have a linear action of G on AnS together with m
invariant divisors Ei = {xi = 0} and V(E) := SpecBG Sym(E) = [A
n
S/G].
Let r : X = [U/G] → BG denote the structure morphism. Giving a map
q : X → V(E) is then equivalent to giving a ring homomorphism Sym(E)→
r∗OX in QCoh(BG), that is, a homomorphism of modules E → r∗OX in
QCoh(BG). The surjection E → Es = m/m2 lifts to a map E → r∗m →
r∗OX since E is projective. More precisely, for each i we lift Li → Ls,i =
i∗NDi/X to Li → r∗NDi/X and we lift E
′ → E ′s → m/m
2 to E ′ → r∗m. By
construction, q is then e´tale at x (this can be checked in the fiber over s)
and q−1(E) = p−1(D) in a neighborhood of x. We conclude by replacing X
with an open neighborhood of x. 
5. Codimension of stackiness
In this section, we introduce the notion of codimension of stackiness at
a point on a smooth, tame Artin stack, and investigate its basic properties.
Roughly, the codimension of stackiness is defined as the dimension of the
non-trivial part of the linear representation of the stabilizer on the tangent
space at the point in question. Here some care must be taken, since the
tangent space of a point on an Artin stack need not be a vector space, but
rather a Picard stack. To avoid working with representations on such stacks,
we will instead take advantage of the fact that the necessary information is
encoded into the cotangent complex. We will also work in a relative sense,
since this will make our proofs in the next section easier.
Let G be an (absolute) gerbe with finite tame inertia, and let E be a finite
locally free sheaf on G. Recall that we have a canonical splitting E = Et⊕Ent
into a trivial and a non-trivial part (Theorem A.2) and a canonical splitting
P = Pt ⊕Pnt for any perfect complex on G (Theorem A.4). Recall that the
rank of a perfect complex is a locally constant function. In particular, the
following definition makes sense.
Definition (5.1). Let G be a connected gerbe with finite tame inertia. The
relevant rank of a perfect complex P on G is defined as the rank of the
complex Pnt, as defined above.
Lemma (5.2). Let f : G′ → G be a stabilizer preserving morphism of con-
nected gerbes with finite tame inertia, and let P be a perfect complex on G.
Then the relevant rank of f∗P with respect to G′ equals the relevant rank of
P with respect to G.
Proof. Since f is a stabilizer preserving morphism of gerbes, the induced
commutative square formed by the map between the coarse spaces is carte-
sian. Let π : G → Gcs denote the canonical map to the coarse space. Then
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the relevant rank of a perfect complex P is equal to rkP − rkπ∗P. In par-
ticular, the result follows since the rank of a perfect complex is preserved
under pull-back and π∗ respects tor-independent base change. 
Let X be an algebraic stack. A point x in X may be represented by a
morphism ξ : G → X, where G is a singleton algebraic stack. A common
choice for G is the spectrum of a field or the residual gerbe at the point. For
our purposes, it will be convenient to choose G slightly differently.
Definition (5.3). Let f : X → S be a morphism of algebraic stacks, and let
x be a point of X. We call a morphism ξ : G → X a standard representative
for x over S provided that it satisfies the following conditions.
(i) The stack G is a singleton gerbe and the unique point of G maps
to x.
(ii) The morphism ξ is stabilizer preserving over S.
(iii) The canonical morphism IG/S → IG is an isomorphism.
Remark (5.4). Under the assumption that G is a gerbe, Condition (iii) is
equivalent to saying that the composition f ◦ ξ : G → S factors (uniquely up
to unique isomorphism) through the coarse space of G.
Example (5.5). Assume that S, as in Definition 5.3, is an algebraic space.
Then the residual gerbe, as defined in [SP, Tag 06MU], at a given point
would be a natural choice of standard representative, provided that it exists.
Residual gerbes are known to exist under quite general circumstances — for
instance if X is quasi-compact and quasi-separated over S [SP, Tag 06RD].
Example (5.6). In general, one can always construct a standard represen-
tative from a given morphism x : Spec k → X by taking G as the residual
gerbe of the stack X ×S Speck at the section induced by x, and letting
ξ : G → X be the inclusion of G in X ×S Spec k composed with the pro-
jection to X. Note that the residual gerbe always exists in this situation
by [SP, Tag 06G3]. Also note that in this case, the gerbe G is canonically
isomorphic to the the classifying stack of the relative stabilizer Gx/S at x
over S.
Lemma (5.7). Let X → S be a morphism of algebraic stacks and x ∈ X a
point. Then any pair ξ, ξ′ of standard representatives for x can be completed
to a commutative diagram
G′′
η
⑧⑧
⑧⑧
⑧⑧
⑧⑧ η′
  
❅❅
❅❅
❅❅
❅❅
G
ξ ❅
❅❅
❅❅
❅❅
❅
G′
ξ′~~⑥⑥
⑥⑥
⑥⑥
⑥⑥
X
such that ξη = ξ′η′ is a standard representative for x. In particular, the
morphisms η and η′ are stabilizer preserving.
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Proof. One can take G′′ as the residual gerbe at any point in G ×X G
′. In-
deed, it is clear that η (and η′) will be stabilizer preserving over S, since this
property is stable under base change and under composition with monomor-
phisms. Since IG → IS is trivial, so is the composition IG′′ → IG → IS and
IG′′/S ∼= IG′′ . 
Let us briefly recall some of the basic properties of the cotangent com-
plex for an algebraic stack. We refer to [LMB00, Chapitre 17] and [Ols07,
Section 8] for a more complete account. The cotangent complex LX/S is de-
fined1 for any morphism π : X → S. If π is smooth then LX/S is perfect with
tor-amplitude in [0, 1], and the rank of LX/S equals the relative dimension
of π [LMB00, Proposition 17.10]. Moreover, LX/S ∼= ΩX/S [0] in the case
when π is smooth and represented by a Deligne–Mumford stack [LMB00,
Corollaire 17.9.2]. If π is a regular immersion, then LX/S ∼= NX/S [1], where
NX/S denotes the conormal bundle of the immersion [SP, Tag 08SK].
For computations with the cotangent complex, we will frequently use the
fundamental triangle [LMB00, Proposition 17.3(3)]
(5.7.1) Lf∗LY/S → LX/S → LX/Y →,
induced by a morphism f : X → Y over S, and the tor-independent base
change property [LMB00, Proposition 17.3(4)], which asserts that for any
tor-independent cartesian square
(5.7.2)
X ′
g
//

X

S′ // S,
we have LX′/S′ ∼= Lg
∗LX/S .
We are now ready to make the main definition of the section.
Definition (5.8). Let X → S be a morphism of algebraic stacks, which is
smooth and has finite, tame relative inertia. The codimension of stackiness
of X over S at the point x ∈ X is defined as the relevant rank (see Defini-
tion 5.1) of the pull-back ξ∗LX/S of the cotangent complex along a standard
representative (see Definition 5.3) ξ : G → X for x over S.
Note that in light of Lemma 5.2 and Lemma 5.7, the definition does not
depend on the choice of standard representative ξ for x.
The following lemma encapsulates the main result of Appendix B and will
be used several times.
Lemma (5.9). Let f : X → S be a gerbe with finite tame inertia, and let
ξ : G → X be a morphism from a connected gerbe with finite tame inertia.
Then the relevant rank of ξ∗LX/S vanishes.
Proof. In light of Lemma 5.2, we may assume that G is a gerbe over Spec k
for some algebraically closed field k. Let g : XG → G be the pull-back of f
1Strictly speaking, the cited references only construct the pro-object {τ≥−nLX/S}n
and assumes that π is quasi-compact and quasi-separated. The first assumption can be
removed using [LO08, Example 2.2.5] and the second is apparently not used. In any case,
in our applications π is smooth and of finite presentation so we only need τ≥0LX/S.
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along the composition f ◦ ξ, and let σ : G → XG denote the section induced
by f . By tor-independent base change, it suffices to show that the relevant
rank of σ∗LXG/G vanishes. Consider the fundamental triangle
(5.9.1) g∗LG/k → LXG/k → LXG/G →
Since k is algebraically closed, the gerbes XG and G are both isomorphic
to classifying stacks of some well-split finite tame group schemes over k.
In particular, the two first terms of (5.9.1) are zero in K0(XG) by Propo-
sition B.9. Hence the same must hold for the third term, which gives the
desired vanishing. 
Next we study the functorial properties of codimension of stackiness.
Proposition (5.10). Let π : X → S be a morphism of algebraic stacks
that is smooth with finite and tame relative inertia. Then the codimension
of stackiness is invariant under arbitrary base change S′ → S and under
smooth morphisms Y → X that are either stabilizer preserving over S or
tame gerbes.
Proof. Let X ′ be the base change of X along an arbitrary morphism S′ → S.
Choose a standard representative ξ : G → X ′ over S′. Then we have a
commutative diagram
IG //

IX′/S′ //

IX/S

G
ξ
//

X ′
g
//

X

Gcs // S
′ // S
where the lower left hand square exists by Remark 5.4. The same remark
gives IG/S = IG. The upper left hand square is cartesian by the assumption
on ξ, and the upper right hand square is cartesian since the same holds
for the lower right hand square. It follows that the composition g ◦ ξ is
a standard representative for the image of ξ under g, so invariance follows
from tor-independent base change of the cotangent complex.
Now assume that f : Y → X is smooth, and let ξ : G → Y be a standard
representative for a point in Y . By invariance under base change together
with Lemma 5.2, we may assume that S = Gcs = Speck, where k is a field.
First assume that f is stabilizer preserving. Then it follows that f ◦ ξ is
a standard representative for the image of ξ under f . By the triangle
f∗LX/S → LY/S → LY/X →
it therefore suffices to show that the relevant rank of ξ∗LY/X vanishes. Let
Y˜ → G be the base change of Y → X along the map f ◦ξ, and let σ : G → Y˜
be the section induced by ξ. By the base change property of the cotangent
complex, it is enough to show that the relevant rank of σ∗LY˜ /G vanishes. By
our assumption, the morphism Y˜ → G is stabilizer preserving. In particular,
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Y˜ is a gerbe, since the same holds for G, and the commutative square
Y˜ //

Y˜cs

G // S
is cartesian. Again by the base change property of the cotangent complex,
it suffices to show that the relevant rank of the pull-back of LY˜cs/S vanishes.
But Y˜cs is representable, so the map G → Y˜cs factors through S = Speck,
and the result follows.
Finally, we assume instead that f is a gerbe. Then we may obtain ξ as
the base change
(5.10.1)
G
ξ //
pi

Y
f

H η
// X
of a standard representative η : H → X. Since π is a gerbe, it induces
an epimorphism on inertia. In particular, pull-back along π preserves the
relevant rank. Similarly as before, it therefore suffices to prove that the
relevant rank of ξ∗LY/X vanishes, which it does by Lemma 5.9. 
In the particular case when we are considering a global quotient stack,
the codimension of stackiness has a rather explicit description in the spirit
of the main idea described in the introduction of this section. We review
some facts about the tangent space of an equivariant algebraic space.
Let X be an algebraic space over a field k, and let G be a group scheme
over k acting on X. Recall that G and X are characterized by their point
functors
G(A) = MorS(SpecA,G), X(A) = MorS(SpecA,X),
where A is a k-algebra, and that the action of G on X is characterized by
the induced action of G(A) on X(A), which is functorial in A. The tangent
bundle TX/k is the functor TX/k(A) := X(A[ε]/ε
2). It comes with a structure
morphism TX/k → X which is represented by the morphism VX(ΩX/k)→ X.
Note that TX/k is naturally endowed with a G-action given on SpecA-points
by
G(A) × TX/k(A)→ TX/k(A) ∼= X(A[ε]/ε
2), (γ, ξ) 7→ γ′ξ,
where γ′ denotes the image of γ under G(A) → G(A[ε]/ε2). Moreover, the
structure morphism TX/k → X is equivariant with respect to this group
action. Given a k-point x ∈ X(k), we also consider the tangent space TX/k,x
at x, which is the fiber of the morphism TX/k → X at x. The tangent space
is endowed with a canonical action by the stabilizer Gx of G at x, making
it a k-linear representation of the group scheme Gx.
Proposition (5.11). Let X be a smooth algebraic space over a field k, and
let G be a finite tame group scheme over k, acting on X. Choose a k-point
x on X, and denote the stabilizer group scheme at x by Gx. Then the codi-
mension of stackiness at the corresponding point of the quotient stack [X/G]
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over k equals the relevant rank of the tangent space TX/k,x of X at x con-
sidered as a k-linear Gx-representation.
Proof. We have a G-equivariant sequence of morphisms
TX/k
τ
−→ X
pi
−→ Speck,
which descends to a sequence
[TX/k/G] ∼= T[X/G]/BG
τG−→ [X/G]
piG−−→ BG,
of quotient stacks. Let ξ : BGx → [X/G] be the standard representative of
the point on [X/G] over k induced by x. Then we have an isomorphism
[TX/k,x/Gx] ∼= ξ
∗T[X/G]/BG over BGx. In particular, since T[X/G]/BG is rep-
resented by V[X/G](Ω[X/G]/BG), the relevant rank of the tangent space equals
the relevant rank of ξ∗Ω[X/G]/BG, which is quasi-isomorphic to ξ
∗L[X/G]/BG.
Now the composition [X/G]
piG−−→ BG→ Speck gives a triangle
π∗GLBG/k → L[X/G]/k → L[X/G]/BG → .
By Lemma 5.9, the relevant rank of ξ∗π∗GLBG/k vanishes. Hence the relevant
ranks of ξ∗L[X/G]/k and ξ
∗L[X/G]/BG are equal, concluding the proof. 
In fact, we will only need to use Proposition 5.11 in the following concrete
example.
Example (5.12). Let G be a finite tame group scheme over a field k, and
let V be an n-dimensional G-representation. Then we get a G-scheme X =
Vk(V ), whose k-points correspond to elements in the dual space V
∨. The
tangent space at a point corresponding to an element v ∈ V ∨ is isomorphic
to the restriction of the representation V ∨ along Gv → G, where Gv denotes
the stabilizer of v.
Let V ∨ = V ∨t ⊕ V
∨
nt be the canonical splitting into the trivial and non-
trivial parts of the G-representation V ∨. From Proposition 5.11, we see that
the codimension of stackiness at any k-point of [X/G] lies in the interval
[0,m], where m = dimk V
∨
nt. Furthermore, the value m is obtained if and
only if v ∈ V ∨t .
Finally, we combine the explicit description in Example 5.12 with the
functorial properties from Proposition 5.10 and the local structure theorem
for tame stacks in Theorem 4.1 and obtain the following result.
Theorem (5.13). Let π : X → S be a morphism of algebraic stacks which
is smooth of finite presentation with finite and tame relative inertia. Then
the codimension of stackiness of X relative S is an upper semi-continuous
function taking its values in the interval [0,dimX/S].
Assume that the codimension of stackiness has a maximal value of m
on X. Then the locus where this maximal value is obtained has a unique
structure of a closed substack Z ⊂ X which is smooth over S. Moreover,
the substack Z has the following properties:
(i) it has codimension m in X;
(ii) it is a gerbe over its relative coarse space over S;
(iii) it has normal crossings with any simple normal crossings divisor
on X (Definition 3.1).
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Proof. The questions is Zariski-local on X so we may assume that X has
relative dimension n over S.
First we note that the question is fppf-local on S in the following sense.
Let S′ → S and S′′ → S′ ×S S
′ be faithfully flat morphisms locally of fi-
nite presentation. Then the theorem for S′ and S′′ implies the theorem for
S. Indeed, we have an induced fppf covering X ′ := X ×S S
′ → X, which
respects the codimension of stackiness by the base change part of Proposi-
tion 5.10. Since flat maps are open, this gives us upper semi-continuity of
the codimension of stackiness on X. Let Z ′ ⊂ X ′ be the unique closed sub-
stack structure of the maximal locus that is smooth over S′. Uniqueness of
Z ′ implies that there is at most one smooth structure Z over S. Moreover,
uniqueness over S′′ implies that the two pull-backs of Z ′ along S′×S S
′ ⇒ S′
agree. By descent, we thus deduce the existence of Z with its desired prop-
erties. In particular, we may reduce to the case where S is affine. Similarly,
the question is local on X for smooth stabilizer preserving morphisms.
Secondly, we reduce to the case when S = SpecR is noetherian. Since X
is of finite presentation over S, we have a cartesian diagram
(5.13.1)
X //

X0

S // S0,
where S0 is affine and noetherian and X0 over S0 satisfies the hypothesis
of the proposition. Similarly, given a simple normal crossings divisor on
X, we may assume that it is a pull-back from a simple normal crossings
divisor on X0. Again, since the codimension of stackiness respects arbitrary
base change, the theorem for X0 → S0 gives upper semi-continuity on X
as well as the existence of Z ⊂ X. Furthermore, it is clear that Z has all
the desired properties except possibly for uniqueness. If Z˜ ⊂ X is another
closed substack, smooth over S, then Z˜ ⊂ X is of finite presentation so we
may choose a suitable diagram as in (5.13.1) such that both Z and Z˜ are
defined over S0. This gives uniqueness of Z.
Thirdly, we reduce to the situation where there exists a diagram
(5.13.2)
X

❄❄
❄❄
❄❄
❄❄
// VBG(E)
{{✇✇
✇✇
✇✇
✇✇
✇
S,
where G is a finite locally free tame group scheme on S, E a rank n locally
free sheaf on BG and the horizontal arrow is e´tale and stabilizer preserving.
Furthermore, we assume that E decomposes as E1⊕· · ·⊕Er⊕E ′, with each E i
of rank 1 corresponding to a component of the given simple normal crossings
divisor on X. Pick a closed point x ∈ |X| with image s ∈ |S|. Then the
residue field extension κ(x)/κ(s) is finite. We can thus find a (quasi-finite)
flat morphism S′ → S and points x′ ∈ |X ×S S
′| and s′ ∈ |S′| above x
and s such that κ(x′) = κ(s′) [EGAIII, Corollaire 0.10.3.2]. Hence we may
use the local structure theorem for smooth tame stacks (Theorem 4.1) to
reduce to the situation in diagram (5.13.2), after first replacing S by a flat
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neighborhood of s and then replacing X by a stabilizer preserving e´tale
neighborhood of x.
Now we assume that we are in the situation obtained after the third re-
duction. By tameness of G, the bundle E decomposes canonically as Et⊕Ent
into a trivial and a non-trivial part (Theorem A.2). This decomposition
is preserved under base change to any fiber of S. In particular, it follows
from the explicit computation in Example 5.12 that the the linear substack
VBG(Et) ⊂ VBG(E) gives a smooth stack structure of the locus where the
codimension of stackiness obtains its maximum. Note that VBG(Et) is a
trivial gerbe over VS(Et) and that its codimension is equal to rk Ent — the
codimension of stackiness. Moreover, the non-trivial part Ent is clearly the
direct sum of the non-trivial parts of E i and E ′, so the subspace has nor-
mal crossings with the given simple normal crossings divisor. Since the
codimension of stackiness respects composition with smooth stabilizer pre-
serving maps, we obtain Z ⊂ X as the pull-back of this linear substack
to X. Again all the desired properties for Z, except for uniqueness, follows
directly.
It only remains to prove that Z is unique. This is obvious provided that
S = SpecR is reduced. Otherwise, let I ⊂ R denote the ideal of nilpotents
and define Ri = R/I
i+1. By the noetherian assumption, we get a finite
factorization R = Rj → · · · → R0 = R/I of the reduction homomorphism,
with each Ri → Ri−1 being the quotient by the square zero ideal I
i/Ii+1.
Denote the base change of X to SpecRi by Xi. Let Z0 →֒ X0 denote the
smooth closed substack where the codimension of stackiness is maximal. We
need to show that for each i, there is an essentially unique cartesian diagram
(5.13.3)
Zi−1 //

Zi

Xi−i // Xi
such that Zi is smooth over Ri. This lifting problem is controlled by
(5.13.4) ExtjOZ0
(NZ0/X0 ,OZ0 ⊗R0 I
i/Ii+1),
whereNZ0/X0 denotes the conormal bundle associated to the inclusion Z0 →֒
X0. This follows from a slight variation of [Ols06, Theorem 1.4]: instead of
assuming that the morphism Z0 → X0 is flat, it is sufficient that Z0 and X0
are flat over a common base S0 and that Xi → Si are flat deformations of
X0 → S0. More specifically, the obstructions to finding lifts as in (5.13.3)
live in Ext1, and the set of liftings form a torsor under Ext0 provided that
the lifting problem is unobstructed.
The ext-groups (5.13.4) are given as the cohomology groups of the com-
plex
RHomOZ0 (NZ0/X0 ,OZ0 ⊗R0 I
i/Ii+1),
which is isomorphic to RΓ(Z0,N
∨
Z0/X0
)⊗LR0 I
i/Ii+1, by dualization combined
with the projection formula. Let π : Z0 → (Z0)cs denote the canonical pro-
jection to the coarse space. Since Z0 is tame, the higher direct images of
π∗ vanish, so it suffices to show that the sheaf π∗N
∨
Z0/X0
vanishes. But this
follows from the fact that NZ0/X0 is the pull-back of the sheaf Ent on BG
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along a stabilizer preserving morphism, and that the trivial part of Ent is
zero, which concludes the proof. 
6. Divisorialification
In this section, we generalize the divisorialification algorithm in [Ber17,
Algorithm C] to algebraic stacks with tame stabilizers that are not neces-
sarily abelian.
Let S be an algebraic stack, and let (X,D) be a standard pair over S
(see Definition 3.5). Composing the morphism δD/S : X → [A
n
S/G
n
m] in
Remark 3.4 with the canonical morphism [AnS/G
n
m] → BG
n
m × S yields a
morphism
(6.0.1) τD/S : X → BG
n
m × S.
The corresponding morphism of inertia stacks induces a group homomor-
phism
(6.0.2) ρD/S : IX/S → G
n
m ×X
over X. Here we have used that Gnm is abelian, which implies that the inertia
stack of BGnm can be identified with G
n
m × BG
n
m.
Definition (6.1). Let S be an algebraic stack and let (X,D) be a standard
pair over S. Assume that the relative inertia IX/S is finite and tame. The
divisorial index of the pair (X,D) over S at a point x ∈ X is defined as the
codimension of stackiness (see Definition 5.8) of the morphism (6.0.1) at x.
We say that the pair (X,D) is divisorial provided that the divisorial index
is everywhere zero.
Remark (6.2). The divisorial index only depends on the underlying divisor
of D. In particular, the ordering of the components of D is irrelevant.
Remark (6.3). It is not hard to see that the definition of divisorial index
given in Definition 6.1 is equivalent to the one given in [Ber17, Definition 7.6]
provided that S is a scheme and X has diagonalizable stabilizers.
Proposition (6.4). Let S be an algebraic stack and let (X,D) be a stan-
dard pair over S. Assume that the relative inertia IX/S is finite and tame
and that (X,D) is divisorial over S. Then we have a total rigidification
π : (X,D) → (Xrig/S ,Drig/S) relative S in the sense of Section 3.3. More-
over, the following statements hold:
(i) τD/S factors as τDrig/S/S ◦ π identifying τDrig/S/S with the relative
coarse space of τD/S;
(ii) Xrig/S → S is representable away from Drig/S;
(iii) ρDrig/S/S : IXrig/S/S →֒ G
n
m ×Xrig/S is a monomorphism.
(iv) (Xrig/S ,Drig/S) is a divisorial standard pair over S;
In particular, the stack Xrig/S has diagonalizable relative stabilizers over S.
Proof. By assumption, the codimension of stackiness of X relative BGnm×S
is identically zero. Hence X is a gerbe over its relative coarse space over
BGnm × S by Theorem 5.13 (ii). We denote this gerbe, which is clearly
tame, by π : X → Xrig/S . The identity π
−1(Drig/S) = D gives (i). Since
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τDrig/S/S is representable, the same holds, a fortiori, for the morphism
δDrig/S/S : Xrig/S → [A
n
S/G
n
m] corresponding to Drig/S , which implies (ii). In
particular, since the complement of Drig/S in Xrig/S is schematically dense,
the rigidification π is indeed total. The kernel of ρDrig/S/S is the relative
inertia IXrig/S/BGnm×S . This vanishes since τDrig/S/S is representable, which
gives (iii). By Proposition 5.10, the codimension of stackiness is invariant
under tame gerbes, which gives (iv). 
Proposition (6.5). Let S be an algebraic stack, and let (X,D) be a stan-
dard pair over S (see Definition 3.5).
(i) The divisorial index at any point in X is a natural number bounded
by the relative dimension of X over S.
(ii) The divisorial index with respect to (X,D) is an upper semi-continuous
function on |X|.
(iii) If the divisorial index obtains a maximum m, then the locus where
this maximum is obtained admits a unique structure Z ⊂ X of a
closed substack that is smooth over S. The closed substack Z has
codimension m and normal crossings with D. Furthermore, the
divisorial index of the transform (X˜, D˜) of the blow-up of (X,D) in
Z is everywhere strictly smaller than m.
Proof. First we prove (i). Let G denote the torus Gnm × S over S. Consider
the fundamental triangle
(6.5.1) τ∗DLBG/S → LX/S → LX/BG →
associated to the composition X → BG → S. Given a point x ∈ X, we
choose a sequence of morphisms G → G′ → X such that the second mor-
phism ξ′ is a standard representative for x relative S and the composition
ξ is a standard representative for x relative BG. The divisorial index is the
relevant rank of ξ∗LX/BG. This is equal to the relevant rank of ξ
∗LX/S since
the first term in (6.5.1) is defined over BG. This is in turn bounded above
by the relevant rank of (ξ′)∗LX/S , which is the codimension of stackiness
of X at x relative S. In particular, this number is bounded by the relative
dimension of X over S by Theorem 5.13.
For the rest of the statements of the proposition, we may replace the mor-
phism X → S with τD/S : X → BG and assume that D = ∅. In particular,
(ii) and the first part of (iii) is a direct consequence of the main properties
of the codimension of stackiness described in Theorem 5.13. It remains to
prove that the divisorial index decreases after the blow-up. This question is
local on S, so we may assume that S is a scheme. Consider the diagram
(6.5.2)
E //

X˜

τE
$$■
■■
■■
■■
■■
■
Z //

X

BGm × S
zz✉✉
✉✉
✉✉
✉✉
✉✉
Zcs // S
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where E is the exceptional divisor of the blow-up, Zcs is the coarse space
of Z, and τE is the canonical map corresponding to the line bundle OX˜(E).
Let x ∈ E be a point. It suffices to prove that the codimension of stackiness
of X at x relative BGm × S is strictly smaller than m.
Let ξ : G → E be a standard representative of x relative BGm × S, and
view (6.5.2) as a diagram in the undercategory of G. Given a perfect complex
P on any of the stacks in the diagram (6.5.2), we denote the relevant rank
of its pull-back to G by {P}. We need to prove that {L
X˜/BGm×S
} < m. By
the fundamental triangle for the cotangent complex, we have
{LX˜/BGm×S} = {LX˜/S} − {LBGm×S/S} = {LX˜/S}
where the last equality follows since LBGm×S/S is defined over BGm × S.
Using the fundamental triangle again, we get
{LE/S} = {LE/X˜}+ {LX˜/S} = {LX˜/S},
where the last equality follows from the fact that LE/X˜ is the pull-back of
O
X˜
(−E) concentrated in degree −1, and that this line bundle is defined
over BGm × S. Similarly, we have
(6.5.3) {LE/S} = {LE/Z}+ {LZ/Zcs}+ {LZcs/S}.
Here {LZ/Zcs} vanishes by Lemma 5.9 since Z is a gerbe over Zcs, and
{LZcs/S} vanishes since Zcs is representable. It follows that the codimension
of stackiness at x equals {LE/Z}, which is strictly smaller than m since
LE/Z ∼= ΩE/Z [0] and ΩE/Z is locally free of rank m− 1. 
Theorem (6.6) (Divisorialification). Let S be an arbitrary algebraic stack
and let (X,D) be a standard pair (see Definition 3.5). Assume that X has
relative dimension ≤ d over S and that the relative inertia IX/S is finite and
tame. Then there exists a smooth ordinary blow-up sequence
Π: (Xn,Dn)→ · · · → (X0,D0) = (X,D)
with n ≤ d, such that (Xn,Dn) is divisorial.
The construction is functorial with respect to arbitrary base change S′ →
S and with respect to smooth morphisms X ′ → X that are either stabilizer
preserving over S or tame gerbes.
Proof. We construct the blow-up sequence by repeatedly blowing up the
locus where the divisorial index is maximal. It follows from Proposition 6.5
that each center is smooth and has normal crossings with the given divisor.
It also follows that the procedure stops after at most d steps. 
Remark (6.7). Assume that V ⊂ X is an open substack that has flat inertia
relative to S. Then the divisorial index vanishes at V , so Π is an isomorphism
over V .
Remark (6.8). In the particular case when S is an algebraic space and
V ⊂ X is an open dense substack that is an algebraic space, then Π is
an isomorphism over V by the previous remark. Moreover, the stacky locus
of Xn is contained in Dn, and the geometric stabilizers of Xn are diagonal-
izable by Proposition 6.4. In particular, the divisorialification algorithm is
also an abelianization algorithm in this case.
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7. Functorial destackification
We formulate a relative version of the destackification theorem. The ver-
sion stated in the introduction as Theorem B is obtained by letting T = S
be an algebraic space.
Theorem (7.1) (Destackification). Let S be a quasi-compact algebraic stack,
and let (X,D) be a standard pair (see Definition 3.5) over S. Furthermore,
assume that X → T is a morphism of algebraic stacks over S such that the
relative inertia IX/T is finite with tame fibers. Then there exists a smooth
stacky blow-up sequence
Π: (Y,E) = (Xn,Dn)→ · · · → (X0,D0) = (X,D)
such that the coarse space (Ycs/T , Ecs/T ) relative to T is a standard pair
over S. Moreover, the stack Y admits a rigidification Y → Yrig/T over T
such that the canonical morphism Yrig/T → Ycs/T is an iterated root stack in
Ecs/T .
The construction is functorial with respect to arbitrary base change S′ →
S and with respect to smooth morphisms X ′ → X that are either stabilizer
preserving over T or tame gerbes.
Proof. Assume first that S = T is a scheme. First we apply the construction
in Theorem 6.6 and obtain an ordinary blow-up sequence (X ′,D′)→ (X,D)
with divisorial source. By Proposition 6.4 the rigidification (X ′rig,D
′
rig) is
divisorial with diagonalizable stabilizers. Hence we may apply Algorithm E
from [Ber17] to (X ′rig,D
′
rig) to achieve destackification, i.e., a stacky blow-up
sequence with the desired properties.
Next we assume that S is a quasi-compact and quasi-separated scheme
and let T be arbitrary. Without loss of generality we can replace T by the
relative coarse space Xcs/T . In particular, we may assume that X → T
is separated and surjective, and therefore T is quasi-compact and quasi-
separated. Present T by a smooth groupoid of affine schemes T ′′ ⇒ T ′.
By pull-back along X → T this induces a pair of morphisms (X ′′,D′′) ⇒
(X ′,D′) over X. Next we apply destackification to (X ′,D′) and obtain a
stacky blow-up sequence starting at X ′. Both morphisms X ′′ ⇒ X ′ are
smooth and stabilizer preserving, being pull-backs from smooth morphisms
of algebraic spaces. It follows from functoriality that the pull-backs of the
blow-up sequence along the two morphisms X ′′ ⇒ X ′ coincide. By the
argument given in the last two paragraphs of the proof of Theorem 3.5 in
[Ber18], the blow-up sequence descends to a blow-up sequence on X ′ with
the desired properties.
Next, we let S be an arbitrary quasi-compact algebraic stack. Choose a
presentation S′′ ⇒ S′ with S′ a quasi-compact and quasi-separated scheme,
and let (X ′′,D′′) ⇒ (X ′,D′) be the induced pair of morphisms obtained
by pulling back (X,D) along S′′ ⇒ S′. Apply destackification to (X ′,D′).
By the same argument as in the previous paragraph, we are done once we
have checked that the two pull-backs of the blow-up sequence to (X ′′,D′′)
coincide. But this can be checked locally. Hence it follows from functoriality
since we can cover S′′ by morphisms U ′′α → S
′′ from quasi-compact and quasi-
separated schemes such that each composition U ′′α → S
′ is surjective. 
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Remark (7.2). Harper uses the same idea in [Har17] to deduce the relative
case from the absolute case, but we avoid the descent argument using higher
stacks by noting that we only need to descend the centers of each blow-up at
each step. We could also have obtained the same result by consistently work-
ing with relative stabilizers instead of absolute stabilizers for the invariants
used in [Ber17].
Remark (7.3). The assumption in Theorem 7.1 that S be quasi-compact is
only needed to ensure that the resulting blow-up sequence becomes finite.
If we remove this assumption, we may get an infinite blow-up sequence, but
this is a minor problem as it is still locally finite over S. We can also ensure
that the blow-up sequence becomes finite by other means. For instance, it
suffices to require thatX has bounded dimension over S and that the degrees
of the fibers of IX/T are globally bounded. Indeed, this ensures that there are
only finitely many possible toric types (see [Ber17, Definition 6.2]) occurring
in the destackification process, and a simple analysis of Algorithm E in
[Ber17] reveals that this implies the desired finiteness.
8. Stabilizers of positive dimension
For the proof of Theorem C, we will need a variant of Luna’s e´tale slice
theorem. A more general version, where G need not be finite, is the main
theorem of [AHR15]. Since the proof is much simpler when G is finite, we
include it here. When X has finite tame abelian inertia, the result is [Ber17,
Proposition 5.3]. When X has finite tame inertia, the result is Theorem 4.1.
Theorem (8.1). Let X be a smooth stack over a field k. Let x : Spec k → X
be a closed point and let G ⊆ stab(x) be a finite linearly reductive group
scheme over k. Then there exists a commutative diagram
([Amk /G], 0) (W,w)
q
oo
p
// (X,x)
where G acts linearly on Amk , q is e´tale and stabilizer preserving, p is flat,
p−1(Gx) = Gw and the induced map G = stab(w) → stab(x) is the given
inclusion. It can further be arranged so that:
(i) if stab(x)/G is smooth (e.g., char k = 0), then p is smooth;
(ii) if IX → X is separated, then p is representable; and
(iii) if D =
∑
iD
i is a divisor on X with simple normal crossings such
that x ∈ Di for all i, then Ei = {xi = 0} ⊂ A
m
k is G-invariant,
q−1(Ei) = p−1(Di) and the G-action on xi coincides with the G-
action on x∗O(−Di);
Proof. Let m ⊆ OX denote the maximal ideal of x ∈ |X|. The group
G acts on the normal space N = V(x∗m/m2) = Amk = SpecB where
B = Sym(x∗m/m2). Let Nn = SpecB/m
n+1
B be the nth infinitesimal neigh-
borhood of the origin and let Xn be the nth infinitesimal neighborhood of
x in X, that is, the closed substack defined by mn+1. Let Y = [N/G] and
Yn = [Nn/G]. The inclusion G ⊆ stab(x) induces a flat representable mor-
phism f0 : BG→ Bstab(x), that is, a morphism f0 : Y0 → X0. We will first
extend f0 to compatible flat maps fn : Yn → Xn, then to a map f̂ : Ŷ → X
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and finally use Artin approximation to obtain a diagram Y ← W → X as
in the statement.
We begin by extending f0 to a flat morphism f1 : Y1 → X1. The mor-
phism f0 : Y0 → X0 deforms to a flat representable morphism f
′
1 : Y
′
1 → X1.
Indeed, by [Ols06, Theorem 1.4] the obstruction to a flat deformation lies in
Ext2BG(Lf0 , f
∗
0m/m
2), which vanishes since Lf0 has tor-amplitude in [−1, 0]
and BG is cohomologically affine. We note that Y0 →֒ Y
′
1 is a trivial defor-
mation. Indeed, by [Ols06, Theorem 1.1], we have Exalk(BG, f
∗
0m/m
2) =
Ext1BG(LBG/k, f
∗
0m/m
2), which vanishes since LBG/k has tor-amplitude in
[0, 1]. Thus, Y1 ∼= Y
′
1 .
We proceed by extending f1 : Y1 → X1 to compatible maps fn : Yn → Xn
for every n. By [Ols06, Theorem 1.5], the obstruction to lifting fn−1 : Yn−1 →
X to fn : Yn → X lies in Ext
1
BG(f
∗
0LX/k, f
∗
0m
n/mn+1), which vanishes since
LX/k has tor-amplitude in [0, 1]. Since f
−1
1 (X0) = Y0, by the construction of
f1, it follows that f
−1
n (X0) = Y0 and that fn factors through Xn. It follows
that fn : Yn → Xn is flat by the local criterion of flatness [EGAIII, 0.10.2.1].
Next, we extend the fn’s to a map f̂ : Ŷ → X. Let Ŷ = [N̂/G] = lim−→n Yn
be the completion, that is, N̂ = lim−→nNn = Spec B̂ where B̂ = lim←−nB/m
n+1
B .
We also have the descriptions Ŷ = Y ×Ycs Ŷcs and N̂ = N ×Ycs Ŷcs. Indeed,
Ycs = SpecB
G and since B is a finite BG-algebra, we have B̂ = B ⊗BG B̂
G.
Since
X(N̂) = lim
←−
n
X(Nn) and X(G× N̂) = lim←−
n
X(G ×Nn)
it follows by descent that the system {fn} extends to an essentially unique
morphism f̂ : Ŷ → X.
The final step is to construct the diagram Y ← W → X using Artin
approximation. Thus consider the contravariant functor
F : (T → Ycs) 7−→ π0
(
Mork(Y ×Ycs T,X)
)
from affine schemes over Ycs to sets. The functor F preserves filtered colim-
its since X/k is locally of finite presentation. Artin approximation [Art69,
Theorem 1.12] applied to F and f̂ ∈ F (Ŷcs) thus gives an e´tale neighbor-
hood qcs : (T, t) → (Ycs, 0) and a morphism p : W := Y ×Ycs T → X such
that there exists a 2-isomorphism p|W1
∼= f1 ◦ q1. Here q : W → Y is the in-
duced stabilizer preserving e´tale morphism and qn : Wn → Yn is the induced
isomorphism on nth infinitesimal neighborhoods. Note that p|Wn is not nec-
essarily 2-isomorphic to fn ◦ qn for n > 1. Nevertheless, the 2-isomorphism
p|W1
∼= f1 ◦ q1 and the identification of conormal bundles NW0/W = f
∗
0m/m
2
is enough to deduce that p−1(X0) =W0 and that p is flat at W0 by the local
criterion of flatness [EGAIII, 0.10.2.1].
We now consider (i) and (ii). If stab(x)/G is smooth, then f0 is smooth so
p is smooth at w. If IX is separated, then IW/X ⊂ IW is a closed subgroup,
hence finite. Since IW/X →W is trivial at w, it is trivial in a neighborhood
of w. Thus, (i) and (ii) hold after replacing W with an open neighborhood
of w.
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For (iii), we get a splitting
m/m2 = ND1/X,x ⊕ · · · ⊕ NDr/X,x ⊕ E
′.
By the construction above, we obtain that p−1(Di) = q−1(Ei) after re-
stricting to W1. To get an equality over W , we modify the step where we
extend fn−1 to fn. Instead of deforming over k, we deform over the stack
[Ark/G
r
m] where the structure morphisms Y → [A
r
k/G
r
m] and X → [A
r
k/G
r
m]
correspond to the Ei’s and the Di’s. That D and E are divisors with
normal crossings is equivalent to the smoothness of these structure mor-
phisms. Since [Ols06, Theorem 1.5] requires the base to be a scheme, we
apply a different argument. The fundamental triangle of the composition
Yn−1 → X×BG→ [A
r
k/G
r
m]×BG together with [Ols06, Theorem 1.1] gives
the exact sequence
ExalX×BG(Yn−1, f
∗
0m
n/mn+1)→ Exal[Ark/Grm]×BG(Yn−1, f
∗
0m
n/mn+1)→
→ Ext1BG(f
∗
0LX/k, f
∗
0m
n/mn+1) = 0.
We can thus promote the deformation Yn−1 →֒ Yn over [A
r
k/G
r
m] to a defor-
mation over X. In the final Artin approximation step, we replace the target
of the functor F with maps over [Ark/G
r
m] instead of maps over k. 
We can now prove the generalization of [RY00, Theorem 4.1]: if (X,D) is
a standard pair such that the stacky locus is contained in D, then the kernel
of the representation ρD : IX → G
n
m × X defined in (6.0.2) has unipotent
fibers.
Proof of Theorem C. The line bundles O(Di) induce one-dimensional rep-
resentations of stab(x). Let ρ : stab(x) → Gnm be the sum of these repre-
sentations and let U = ker ρ be its kernel. We will prove that U has no
non-trivial multiplicative subgroups. It is enough to prove that U does not
have a subgroup of the form µr for any r > 1. It then follows that U is
unipotent [SGA3, Expose´ 17, The´ore`me 4.6.1]. Thus stab(x) is the exten-
sion of the diagonalizable group ∆ = im(ρ) by the unipotent group U . Such
extensions are always split since K is algebraically closed [SGA3, Expose´ 17,
The´ore`me 5.1.1].
Let µr ⊆ U be a finite multiplicative subgroup. By Theorem 8.1, we have
a flat representable morphism p : W → X, an e´tale stabilizer preserving
morphism q : W → [Amk /µr], and a divisor E ⊂ A
m
k with simple normal
crossings such that p−1(D) = q−1(E). Moreover, E is a sum of coordinate
hyperplanes Ei = {xi = 0} and the action of µr on xi coincides with the
action of µr on x
∗O(−Di) which is trivial by construction. Thus, the µr-
fixed locus of Amk is not contained in E. Since X rD is an algebraic space
and p is representable and q is stabilizer preserving, the action of µr on
Amk r E is free. It follows that r = 1. 
In Theorem C, we do not require that X has finite or even affine stabiliz-
ers. Similarly, we do not impose any separatedness assumptions on X, such
as finite inertia, except that we require that X has separated diagonal.
We note some simple consequences of Theorem C.
(i) IfX ′ → X denotes theGnm-torsor corresponding toO(D1), . . . ,O(Dn),
then X ′ has only unipotent stabilizer groups.
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(ii) If X has connected stabilizers, then the stabilizers are solvable.
(iii) Suppose X has finite tame stabilizers, e.g., k has characteristic zero
and X is Deligne–Mumford. Then U = 0 so stab(x) = ∆ is diago-
nalizable, X ′ is an algebraic space and (X,D) is divisorial.
(iv) Suppose k has characteristic p > 0 and X has only finite stabilizers.
Then U is a unipotent p-group: a successive extension of αp’s and
Z/pZ’s. If in addition X is Deligne–Mumford, then U is an e´tale
p-group. Note that stab(x) is not necessarily abelian.
The following theorem is a generalization of [RY00, Theorem 3.2]. It gives
a different proof of Theorem A (Divisorialification) when S is the spectrum
of a field of characteristic zero, using resolution of singularities.
Theorem (8.2). Let k be a field of characteristic zero. Let X be a smooth
stack of finite type over k with separated diagonal. Let V ⊆ X be an open
dense substack that is an algebraic space. Then there exists a V -admissible
smooth ordinary blow-up sequence
Π: (Y,E) = (Xn,Dn)→ · · · → (X1,D1)→ (X0,D0) = (X, ∅)
such that Y has geometric stabilizers of the form U ⋊ ∆ with U unipotent
and ∆ diagonalizable. More precisely, the non-divisorial stabilizer ker(ρE)
is unipotent. In particular, if X is Deligne–Mumford, then U = 0, ∆ is
finite diagonalizable and (Y,E) is divisorial. The sequence is functorial with
respect to smooth stabilizer preserving morphisms and arbitrary field exten-
sions.
Proof. Let W ⊆ |X| be the locus of points with non-trivial stabilizer. Let
Z = W . Then V ∩ Z = ∅ and the formation of Z commutes with smooth
stabilizer preserving morphisms.
We use functorial embedded resolution of singularities to obtain a res-
olution π : Y → X of Z. That is, π is a smooth blow-up sequence and
π−1(Z) = E =
∑
iE
i is a divisor with simple normal crossings. That the
stabilizers have the required form follows from Theorem C. 
Remark (8.3). Let k be a field of characteristic p > 0 and let X be a stack of
finite type over k with finite stabilizers. We say that X satisfies (NpS) if the
stabilizers of X are of the form U⋊H where U is unipotent and H is linearly
reductive. If X is Deligne–Mumford, then equivalently the stabilizers have
normal p-Sylow subgroups. Theorem C implies that if X is smooth and the
stackiness is contained in a divisor with simple normal crossings, then X
satisfies (NpS).
Abbes and Saito prove that if G is a finite group and X = [V/G] has a
dense open subscheme, then there exists a normalized blow-up Y → X such
that Y satisfies (NpS) [AS11, Prop. 2.22]. It would be interesting to achieve
(NpS) by a smooth blow-up sequence if X is smooth. This could perhaps
be a first step towards a new proof of the existence of p-alterations.
Appendix A. Sheaves on tame gerbes
In this appendix we prove that every quasi-coherent sheaf and every com-
plex of quasi-coherent sheaves on a tame gerbe canonically splits as a direct
sum of a trivial part and a purely non-trivial part.
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We say that π : X → S is a finite tame gerbe if π is an fppf gerbe and
IX/S → X is finite with linearly reductive fibers. Then π is also a tame
coarse space: π∗ is exact and π∗OX = OS . In addition, π∗ has cohomological
dimension zero: Riπ∗(F) = 0 for all F ∈ QCoh(X) and all i > 0. Indeed,
this can be checked locally on S and then D+qc(X) = D
+(QCoh(X)) because
X has affine diagonal [Lur04, Theorem 3.8].
For any gerbe π : X → S the functor π∗ : QCoh(S) → QCoh(X) is exact
and fully faithful, that is, the unit map F → π∗π
∗F is always an isomor-
phism. In addition, the counit map π∗π∗F → F is always injective. Both
these claims are local on S so we can assume that the gerbe is neutral:
X = BG for a group scheme G → S. We can then identify the category
QCoh(X) with the category of G-equivariant sheaves QCohG(S), the functor
π∗ with taking G-invariant subsheaves, and the functor π
∗ with endowing a
sheaf with the trivial action.
Definition (A.1). Let π : X → S be a gerbe and let F ∈ QCoh(X) be a
quasi-coherent sheaf. We say that F has trivial action if the counit map
π∗π∗F → F is an isomorphism. We say that F has purely non-trivial action
if π∗F = 0. We let QCoht(X) (resp. QCohnt(X)) denote the full subcate-
gories of QCoh(X) consisting of objects with trivial (resp. purely non-trivial)
action. We also let Ft := π
∗π∗F and Fnt := F/Ft so that we have an exact
sequence
0→ Ft → F → Fnt → 0.
Note that Ft has trivial action but Fnt need not have purely non-trivial
action.
Theorem (A.2). Let π : X → S be a finite tame gerbe.
(i) The subcategories QCoht(X) and QCohnt(X) are Serre subcategories.
(ii) The functor π∗ is fully faithful with essential image QCoht(X) and
quasi-inverse π∗.
(iii) The assignments F 7→ Ft and F 7→ Fnt give exact functors
t : QCoh(X)→ QCoht(X), and
nt : QCoh(X)→ QCohnt(X).
These functors commute with arbitrary base change S′ → S.
(iv) The exact functor (t,nt) : QCoh(X)→ QCoht(X)×QCohnt(X) is an
equivalence of abelian categories with quasi-inverse given by (F ,G) 7→
F ⊕ G.
In particular, every quasi-coherent sheaf F splits canonically as Ft ⊕Fnt.
Proof. For (i), let 0→ F ′ → F → F ′′ → 0 be an exact sequence in QCoh(X).
Since π∗ and π
∗ are exact and π∗π∗ ⇒ id is injective, it follows that F has
trivial action (resp. purely non-trivial action) if and only if F ′ and F ′′ has
such an action.
Item (ii) follows from the fully faithfulness of π∗ and the definition of
QCoht(X) and holds for any gerbe.
For (iii), we note that t = π∗π∗ is a composition of exact functors that
land in QCoht(X). That Fnt has purely non-trivial action follows from the
exactness of π∗ and that the functor nt is exact follows from the exactness
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of t. Since π∗ and π
∗ commute with arbitrary base change, so does t and
nt.
For (iv), it remains to prove that if F ∈ QCoht(X) and G ∈ QCohnt(X),
then Exti(F ,G) = 0 and Exti(G,F) = 0 for all i. This follows from the
following lemma. 
Lemma (A.3). If F ∈ QCoht(X) and G ∈ QCohnt(X), then π∗ Ext
i(F ,G) =
0 and π∗ Ext
i(G,F) = 0 for all i. In particular, the exact sequence 0→ Ft →
F → Fnt → 0 is canonically split for every F ∈ QCoh(X).
Proof. The question is local on S, so we may assume that S is affine and
π has a section s : S → X. Note that for i = 0, the question is simple:
the image of F → G is both trivial and purely non-trivial, hence 0. Now
consider the exact sequence
0→ OX → s∗OS → Q→ 0.
Since s is faithfully flat, finite and of finite presentation, we have that Q is
flat and of finite presentation, i.e., a vector bundle, and s∗OX → s
∗s∗OX
is split injective. Note that Q = (s∗OS)nt. We will prove that OX is a
projective generator for QCoht(X) and that Q is a projective generator for
QCohnt(X).
If F ∈ QCoht(X), then we can find a surjection O
⊕I
S ։ π∗F and thus
obtain a surjection O⊕IX ։ π
∗π∗F = F .
Recall that since s is finite, of finite presentation and flat, s∗ admits a
right adjoint s×. Moreover, s∗s
× = HomOX (s∗OS ,−) and the counit map
s∗s
×G → G is surjective since OX → s∗OS is fppf-locally split injective. If
G ∈ QCohnt(X), then we can find a surjection O
⊕I
S ։ s
×G and thus obtain
a surjection (s∗OS)
⊕I ։ s∗s
×G ։ G. But G is purely non-trivial so every
map OX → G is zero. We thus obtain an induced surjection Q
⊕I ։ G.
To calculate π∗ Ext
i(F ,G), we may resolve F by trivial vector bundles and
it is thus enough to calculate π∗Hom(OX ,G) which we have already seen
is zero (case i = 0). Similarly, to calculate π∗ Ext
i(G,F), we may resolve
G by vector bundles of the form Q⊕I and it is thus enough to calculate
π∗Hom(Q,F) which is zero (case i = 0). 
We have the following derived analogue. Let Dqc(X)t (resp. Dqc(X)nt) be
the full subcategory of Dqc(X) consisting of objects F such that π
∗π∗F → F
is an isomorphism (resp. π∗F = 0). Let Ft = π
∗π∗F and let Fnt be the cone
of Ft → F .
Theorem (A.4). Let π : X → S be a finite tame gerbe.
(i) The subcategories Dqc(X)t and Dqc(X)nt are localizing subcategories.
(ii) The functor π∗ is fully faithful with essential image Dqc(X)t and
quasi-inverse π∗.
(iii) There is an orthogonal decomposition Dqc(X) = 〈Dqc(X)t,Dqc(X)nt〉.
In particular, the triangle Ft → F → Fnt → is split.
Proof. (i) and (ii) are straightforward. For (iii), we note that Dqc(X)t and
Dqc(X)nt generate Dqc(X) since Fnt ∈ Dqc(X)nt. The result thus follows
from the lemma above. 
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We will also have use of the following standard lifting result.
Lemma (A.5). Let X → S be a tame gerbe. Let s ∈ |S| be a point and let
E0 ∈ VB(Xs) be a locally free sheaf of finite rank on the fiber Xs. Then there
is an e´tale neighborhood U → S of s and a vector bundle E ∈ VB(X ×S U)
such that E|s ∼= E0. In addition, if E0 has trivial (resp. purely non-trivial)
action, then so does E.
Proof. By a simple limit argument, we may assume that (S, s) is local
henselian. By another limit argument, we may assume that (S, s) is the
henselization of a scheme of finite type over SpecZ. In particular, we may as-
sume that S is excellent. Using Artin approximation [Art69, Theorem 1.12],
we may further assume that (S, s) is complete local.
Let Sn = SpecA/m
n+1 be the nth infinitesimal neighborhood of s in
S = SpecA. Then the obstruction to lifting a vector bundle En−1 ∈ VB(X×S
Sn−1) to a vector bundle En ∈ VB(X ×S Sn) lies in Ext
2(En−1, En−1 ⊗
m
n/mn+1) = H2(Xs, E
∨
n−1 ⊗ En−1 ⊗ m
n/mn+1) which vanishes since Xs is
cohomologically affine. We can thus find a compatible system of vector
bundles (En)n≥0 on (X ×S Sn)n≥0. Since X → S is proper, it follows by
Grothendieck’s existence theorem for Artin stacks [Ols05] that there exists
a vector bundle E ∈ VB(X) as required.
For the final claim, simply note that the splitting into trivial and non-
trivial parts commutes with arbitrary base change. 
The lemma also holds when X → S is the coarse space of a tame stack,
although without additional finiteness assumptions, the limit arguments be-
come a little more involved.
Appendix B. The cotangent complex for a group of
multiplicative type
In this appendix, we compute the cotangent complex for a group of mul-
tiplicative type and for its classifying stack. Our primary goal is to show
the vanishing in K0(BG) of the the class of the cotangent complex LBG/k of
the classifying stack of a finite tame group scheme G over an algebraically
closed field k.
Throughout the section, we fix a base algebraic stack S. It will be conve-
nient to make the following definition.
Definition (B.1). Let S be an algebraic stack. A group space is a group
object in the category of algebraic stacks over S whose structure morphism
is representable by algebraic spaces. We say that a group space π : G → S
is an algebraic group if π is flat and locally of finite presentation.
Note that a group space G over S is algebraic if and only if the classifying
stack BG is algebraic.
We start with a general discussion on cotangent complexes of algebraic
groups and their classifying stacks. Given a group space G over S, we
consider the complex Le∗LG/S , where e is the unit of G and LG/S denotes
the cotangent complex. The association
(B.1.1) G 7→ C(G) := Le∗LG/S ,
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gives a contravariant functor from the category of group spaces to the derived
category Dqc(S).
Remark (B.2). Note that the complex C(G) generalizes the Lie algebra g,
which may be recovered as H0(C(G)∨). Also note that an exact sequence
of algebraic groups
(B.2.1) 1→ G′
f
−→ G
g
−→ G′′ → 1
induces a distinguished triangle
(B.2.2) C(G′′)→ C(G)→ C(G′)→
generalizing the exact sequence of Lie algebras obtained from (B.2.1) in the
case when the groups in question are smooth.
Proposition (B.3). Let S be an algebraic stack and let π : G → S be an
algebraic group over S. Then C(G), as defined in (B.1.1), is perfect with
tor-amplitude in [−1, 0], and we have
(B.3.1) LG/S ∼= π
∗C(G).
Denote the structure morphism of the classifying stack of G by ψ : BG→ S,
and let ι : IBG/S → BG be the relative inertia stack of ψ. Then
(B.3.2) LBG/S ∼= C(IBG/S)[−1].
Furthermore, in the special case when G is abelian, we have LBG/S ∼=
ψ∗C(G)[−1].
Proof. Let τ : S → BG denote the universalG-torsor. Using tor-independent
base change applied to the cartesian square
G
pi //
pi

S
τ

S τ
// BG,
we see that LG/S ∼= π
∗LS/BG. Since the unit map e of G is a section of π,
this gives LS/BG ∼= Le
∗π∗LS/BG ∼= C(G), from which (B.3.1) follows.
By applying the fundamental triangle to the composition ψ ◦ τ = idS , we
see that τ∗LBG/S ∼= LS/BG[−1]. In particular, since ψ is smooth, the com-
plex LBG/S is perfect with tor amplitude in [0, 1], from which the statement
about the perfectness and the tor-amplitude of C(G) follows.
To prove (B.3.2), we apply the same argument as above to the cartesian
square
IBG/S
ι //
ι

BG
∆ψ

BG
∆ψ
// BG×S BG,
to get L∆ψ
∼= C(IBG/S). Since ψ is flat, the cotangent complex of ψ is the
shift of the cotangent complex for the diagonal morphism ∆ψ by −1 (see
[LMB00, Proposition 17.8]), from which the result follows.
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Finally, recall that the inertia stack of ψ is isomorphic to the stack
quotient [G/G], where G acts on itself by conjugation. In particular, if
G is abelian then IBG/S is just the base change of G along ψ. Hence
C(IBG/S) ∼= ψ
∗C(G) by tor independent base change, from which the last
statement follows. 
Recall that a group space G over S is of multiplicative type if it is iso-
morphic to the Cartier dual D(A) := Hom(A,Gm) of a locally constant
sheaf of abelian groups A over S. A group of multiplicative type over S
is algebraic in the sense of Definition B.1 if and only if it is of finite type,
which corresponds to A being of finite type. Denote the constant sheaf of
rings associated to Z by ZS.
Proposition (B.4). Let S be an algebraic stack. Then the restriction of the
functor G 7→ C(G), as in (B.1.1), to the category of groups of multiplicative
type over S is isomorphic to ∆ 7→ OS ⊗
L
ZS
D(∆).
Proof. Let A be a locally constant sheaf of (not necessarily finitely gen-
erated) abelian groups, whose group operation we denote additively. We
denote the elements of the group algebra ZS[A] as formal linear combina-
tions of the symbols xα for α ∈ A, subject to the relations xα+β = xαxβ
and x0 = 1, and we let
εA : ZS [A]→ ZS, x
α 7→ 1, α ∈ A
denote the augmentation map.
Consider the endofunctor
Θ: A 7→ ZS ⊗ZS [A] ΩZS [A]/ZS
on the category of ZS-modules. This functor acts on morphisms ϕ : A→ B
by taking the base change of
ΩZS [A]/ZS → ΩZS [B]/ZS , dx
α 7→ dxϕ(α), α ∈ A,
along the augmentation maps, which makes sense since the diagram
ZS [A]
εA
((P
PP
PP
PP
PP
PP
PP
P
ZS [ϕ]
// ZS[B]
εB

ZS
commutes. For each A, we also have a morphism of sheaves θA : A→ Θ(A)
defined by taking α to 1 ⊗ dxα, which is natural in A. Since ZS ⊗ZS [A]
ΩZS [A]/ZS is generated over ZS by the symbols 1 ⊗ dx
α for α ∈ A, subject
to the relations
1⊗ dx0 = 0, 1⊗ d(xα+β) = 1⊗ (xβdxα + xαdxβ) = 1⊗ dxα + 1⊗ dxβ ,
we see that the map θA is in fact a group isomorphism.
Now note that the natural morphism H0 : LZS [A]/ZS → ΩZS [A]/ZS induces
a natural transformation from the functor
Θ′ : A 7→ ZS ⊗
L
ZS [A]
LZS [A]/ZS
to Θ, if we regard the latter functor as taking values in the derived category.
Also note that both Θ′ and Θ are exact and that the natural morphism
34 DANIEL BERGH AND DAVID RYDH
Θ′ → Θ is an isomorphism when evaluated on locally free sheaves F . Hence
it is actually an isomorphism for all A, since any locally constant sheaf of
abelian groups fits into an exact sequence
0→ F ′ → F → A→ 0
with F ′ and F locally free. The cotangent complex respects derived tor-
independent base change, so the functor
(B.4.1) A 7→ OS ⊗
L
OS [A]
LOS [A]/OS
is isomorphic to OS ⊗
L
ZS
Θ′. Here the right hand side of (B.4.1) is naturally
isomorphic to Le∗D(A)LD(A)/S since groups of multiplicative type are affine
and the augmentation map corresponds to the unit. From this, we get
the desired isomorphism by pre-composing (B.4.1) with D(−) and using
that groups of multiplicative type are reflexive with respect to the Cartier
dual. 
Remark (B.5). It is interesting to note that there is a moduli stack of groups
of multiplicative type. Let Core(Abfg∗ )→ Core(Ab
fg) be the forgetful functor
from the groupoid of pointed f.g. abelian groups to the groupoid of f.g.
abelian groups. Denote the associated morphism of constant stacks over
SpecZ by A →M. Note that these stacks are algebraic but neither quasi-
compact nor quasi-separated. In fact, since they are constant, they are
e´tale Deligne–Mumford stacks over SpecZ. The stack M can be regarded
as the moduli stack of locally constant f.g. abelian groups, with A being
the universal such group. By Cartier duality, M may also be considered as
the moduli stack of groups of multiplicative type, with the universal such
group given by the Cartier dual D(A). Denote the structure morphism
by π : D(A) → M. Since π is flat, the cotangent complex of any group
of multiplicative type G → S over some algebraic stack S is given as the
derived pull-back of LD(A)/M along the canonical map G→ D(A).
Proposition (B.6). Let A be a finite abelian group endowed with an ac-
tion by a finite group H, and let k be an arbitrary field. Then TorZ0 (k,A)
and TorZ1 (k,A) are isomorphic as H-representations provided that all ele-
mentary divisors of A divisible by the characteristic of k are equal.
Proof. The group A decomposes H-equivariantly into p-groups, so by ad-
ditivity of the tor-functors we may assume that A is a p-group for some
prime p. If the characteristic of the field is not p, then both tor-groups
vanish and the statement is trivial. We may therefore assume that the char-
acteristic of k is p > 0 and that the elementary divisors are all equal, i.e., that
A = (Z/qZ)⊕n non-equivariantly for some p-power q. An automorphism ϕ
of A decomposes as (ϕij) with ϕij ∈ Hom(Z/qZ,Z/qZ) for i, j = 1, 2, . . . , n.
For each pair i, j, we have a commutative diagram
0 // Z
q
//
aij

Z //
aij

Z/qZ //
ϕij

0
0 // Z
q
// Z // Z/qZ // 0
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for some aij, uniquely determined modulo q. By reducing modulo p and
using additivity of TorZi (k,−), we see that Tor
Z
d (k, ϕij) : k → k is given
by multiplication with aij, or equivalently, by multiplication with ϕij for
d = 0, 1. This holds for any automorphism ϕ, so the group actions on
TorZ0 (k,A) and Tor
Z
1 (k,A) are indeed isomorphic. 
Example (B.7). The following example illustrates that the assumptions
on the elementary divisors in the statement of Proposition B.6 cannot be
removed in general. Let k be a field of characteristic 3, and let H be the
cyclic group of order 3 acting on the group A = Z/3Z × Z/9Z by letting
1 ∈ H act as (
1 0
3 1
)
Then the action on k2 ∼= TorZ0 (k,A) is trivial whereas 1 ∈ H acts on k
2 ∼=
TorZ1 (k,A) as (
1 0
1 1
)
In particular, TorZ0 (k,A) and Tor
Z
1 (k,A) are notH-equivariantly isomorphic.
Remark (B.8). The situation in Example B.7 cannot occur if the order of
H is invertible in k. That is, in this situation TorZ0 (k,A)
∼= TorZ1 (k,A)
H-equivariantly regardless of the elementary divisors of A. This is a conse-
quence of Maschke’s theorem, which implies that A splits H-equivariantly
into components with constant elementary divisors, to which Proposition B.6
applies.
Proposition (B.9). Let G = ∆⋊H be a finite group scheme over a field k,
where ∆ is a diagonalizable group and H is a constant group. Then the
class of the cotangent complex LBG is trivial in K0(BG). In particular, this
applies to any finite tame group scheme over an algebraically closed field.
Proof. Assume that ∆ = D(A), where A is a constant finite abelian group.
The structure morphism of the gerbe BG factors as BG
ψ
−→ BH → Speck.
Since H is e´tale, the cotangent complex LBH vanishes, so LBG ∼= LBG/BH .
By assumption, the sequence 1 → ∆ → G → H → 1 is split, so the mor-
phism BG→ BH is the classifying stack of [∆/H] viewed as a group scheme
over BH. In particular, we have LBG ∼= ψ
∗(OBH⊗
L
ZBH
[A/H])[−1] by Propo-
sition B.3 combined with Proposition B.4. Thus it suffices to show that the
image of the class of [A/H] under the map K0(ZBH) → K0(BH), induced
by the derived base change along ZBH → OBH , vanishes.
It is clear that A decomposes H-equivariantly into p-groups for various
primes p. Hence we may just as well assume that A has prime power expo-
nent q. Let A′ ⊂ A be the subgroup of elements of order less than q. Then
all elementary divisors of A′′ := A/A′ are equal to p. In particular, it follows
from Proposition B.6 that the class of [A′′/H] maps to zero in K0(BH). By
using additivity of K-groups over short exact sequences together with in-
duction on q, we see that also the class of [A/H] maps to zero in K0(BH),
which concludes the proof. 
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